We construct two-parameter families of integrable λ-deformations of two-dimensional field theories. These interpolate between a CFT (a WZW/gauged WZW model) and the non-Abelian T-dual of a principal chiral model on a group/symmetric coset space. In examples based on the SU(2) WZW model and the SU(2)/U(1) exact coset CFT, we show that these deformations are related to bi-Yang-Baxter generalisations of η-deformations via Poisson-Lie T-duality and analytic continuation. We illustrate the quantum behaviour of our models under RG flow. As a byproduct we demonstrate that the bi-Yang-Baxter σ-model for a general group is one-loop renormalisable.
Introduction and motivation
One of the most powerful tools available to the modern holographic practitioner is integrability. Most famously, the problem of determining the anomalous dimensions of single trace operators in the planar limit of N = 4 supersymmetric Yang-Mills gauge theory with gauge group SU(N) can be mapped to the problem of determining eigenvalues of an integrable spin-chain Hamiltonian [1] . On the other side of the AdS/CFT conjecture, the AdS 5 × S 5 string σ-model is, classically at least, integrable. The reason for this is that the σ-model's target space is exceptionally symmetric; the world sheet theory takes the form of a σ-model on a semi-symmetric space PSU(2, 2|4)/SO(4, 1) × SO(5) [2] . The two-dimensional σ-model admits a Lax pair formulation from which an infinite tower of conserved quantities can be deduced [3] .
Given this success, one would hope to find ways in which the AdS/CFT correspondence can be generalised from the AdS 5 × S 5 setting whilst still maintaining the properties of integrability. Two novel and related classes of two-dimensional σ-models, that we shall refer to as η-and λ-deformations, have recently been developed and provide a new perspective on this challenge.
The η-deformation of the AdS 5 × S 5 superstring proposed by Delduc, Magro and Vicedo [4, 5] is a generalisation of the Yang-Baxter (YB) deformations introduced by Klimčík in [6] . A central rôle in the construction of such YB deformations is played by the antisymmetric R-matrix; an endomorphism of a Lie-algebra g that obeys a modified YB (mYB) equation There are three distinct choices for the parameter c; c 2 > 0, c 2 < 0 and c 2 = 0 and the corresponding solutions of the mYB are referred to as being, respectively, on the real, complex and classical branch. 1 The complex branch, c 2 < 0, is the setting for the η-deformations. Using such an R-matrix one can construct a one-parameter family of deformations of the principal chiral model on a group G which were shown 1 Contracting (A.4), equivalent form of (1.1), with f abc and using the Jacobi identity we easily find that
which has no solution for compact groups and c 2 = 1, referred to as the real branch.
in [6, 7] to be integrable. This approach was generalised, and integrability shown, for symmetric cosets in [4] and for semi-symmetric spaces in [5] . These η-deformations are particularly interesting since although the corresponding target spaces only display an Abelian subset of the original AdS 5 × S 5 isometry group, it is thought that the full symmetries of the string σ-model are governed by a quantum-group with a real quantum-group parameter q = e f (η) [4] , where f is a real function of η, and perturbative evidence for this has been given in [8] .
The λ-deformation was introduced by one of the present authors in [9] and can be realised as an integrable interpolation between an exact CFT (a WZW/gauged-WZW model) and the non-Abelian T-dual of the principal chiral model on a group/coset space. In the bosonic case this deformation is constructed by applying a gauging procedure to the combination of a PCM on a group (coset) and a (gauged)-WZW model.
The deformation parameter is given in terms of the radius of the PCM κ 2 , and the WZW level k, by
(1.2)
For cosets, this construction was initiated in [9] (where more emphasis was given to the cases corresponding to group spaces), and performed more rigorously for symmetric coset spaces in [10] and further generalised to semi-symmetric spaces and applied to the AdS 5 × S 5 superstring in [11] . It has been conjectured in [10, 11] that like the η-deformation, these also can be interpreted as a quantum-group deformation but in this case the quantum group parameter is a root of unity q = e iπ/k .
Although, at a first glance, the η-and λ-deformations may seem quite different since for instance the corresponding σ-models have different isometry groups, they are, in fact, closely related. At the level of currents, Rajeev observed some years ago [12] , that the canonical Poisson-structure of the PCM admits a one-parameter deformation which defines two commuting Kac-Moody algebras and preserves integrability. In the case of SU (2) , a brute force calculation in [13] led to a Lagrangian realization of Rajeev's canonical structure. For arbitrary groups, the η-and λ-deformations provide Lagrangian realisations for this Poisson-structure but for different ranges of Rajeev's deformation parameter. The connection between the η-and λ-deformations is expected to be a bracket-preserving canonical transformation followed by an appropriate analytic continuation of the deformation parameter and of the fields. Specifi-cally, the implementation of this transformation turns out to be a generalisation of T-duality known as Poisson-Lie (PL) T-duality [14, 15] which can be understood as a canonical equivalence between a pair of σ-models [16, 17] .
PL T-duality incorporates the familiar Abelian T-duality and non-Abelian T-duality as well as cases in which no isometries are present. The crucial idea is that a σ-model possess some currents for the action of a group G that, although they are not conserved in the usual sense, are covariantly conserved with respect to a dual groupG.
The choice of groups G andG are constrained such that the direct sum of the corresponding algebras defines a Drinfeld double d = g ⊕g.
As shown for the case of principal chiral models in [6] , the YB σ-models take precisely the form of one-half of a PL T-dual related pair. Recently this PL action has been considered in the case of symmetric spaces [18] where it was shown that it leads to an equivalence between the Hamiltonian of the YB σ-model on the real branch (when it can be defined as per footnote 1 and the λ-deformation. This does not quite explain the link between the η-deformation and the λ-deformation since the former is on the complex branch. Instead, one should start with an η-deformation (i.e. a YB σ-model on the complex branch), perform a PL T-duality using the double d = g C (the complexification of g) and then analytically continue certain coordinates and the deformation parameter to arrive at the λ-deformation. At the present moment the details of this process are not fully understood for an arbitrary group or coset. Recently, a two-dimensional example based on SU(2)/U(1) has been provided in [19] and conjectured to hold in general.
Summary and outlook
The focus of this paper is to consider certain multi-parameter generalisations of both the η-and λ-deformations for which less in known. In the case of η-deformations, there is an integrable class of two-parameter YB deformations introduced for an arbitrary semi-simple group in [7, 20] . Such deformations are called bi-YB deformations.
For λ-deformations, the gauging procedure of [9] can be performed starting with an arbitrary coupling matrix in a PCM. This gives rise to a wide family of deformations labeled by a matrix λ ab . For an isotropic coupling, λ ab = λδ ab , integrability was proven directly in [9] for an arbitrary semi-simple group, for symmetric cosets in [10] and for semi-symmetric spaces in [11] . For the case of SU (2) , it has been shown in [21] that providing λ ab is symmetric, the deformation is integrable. In this paper we will construct a two-parameter family of integrable λ-deformations in which λ ab acquires some off-diagonal antisymmetric components.
There are quite a few novel results in this paper and so now is an opportune moment to summarise them:
• We give concise expressions for the one-loop beta-functions for the deformation parameters of bi-YB deformations for a general group G. These are parametrised by just two parameters out of the (dim G) 2 possible ones. The fact that the flow preserves this two parameter truncation renders the construction as non-trivial.
• We construct a new class of two-parameter generalised λ-deformations that are obtained by performing a standard (one-parameter isotropic) λ-deformation on a YB deformed σ-model. We construct a Lax pair representation for the equations of motion for groups as well as for symmetric cosets, hence demonstrating the integrability of the aforementioned deformations.
• For groups these multi-parameter deformations can be constructed in general but for general cosets we find a stringent condition for them to be admissible.
For compact groups an example of when this condition is satisfied is given by (2) and example of when it is not satisfied is given by S 5 =
SO(6)/SO(5).
• We study the connection between such generalised λ-deformations and the bi-YB η-deformation through examples based on the group SU(2) and the coset
SU(2)/U(1).
We show that PL T-duality plus analytic continuation relate these deformations to a generalised λ-deformation of the type described above.
• For the SU(2)/U(1) case we show that the λ-deformation, obtained after PL Tduality and analytic continuation, is integrable by explicitly constructing the Lax pair. We also interpret the generalised λ-deformation as driven by para-fermion bilinears of the exact SU(2)/U(1) coset CFT.
The structure of the paper is as follows: In section 3 we review the construction of the YB and bi-YB η-deformations and their interpretation in terms of PL T-duality; in section 4 we describe the one-loop renormalisability of the bi-YB deformation; in section 5 we describe the generalised λ-deformations and their integrability properties; in 6 we study explicit examples based on SU(2) and the SU(2)/U(1) coset.
This work suggests many exciting avenues for further related research. These include the embedding of our new λ-deformations into the full type-II string theory as well as applications in holography. The examples presented based on SU (2) and SU(2)/U(1) make the Poisson-Lie plus analytic continuation connection explicit between the two-parameter λ-and η-deformations; we expect this to hold in full generality. It will also be interesting to extend considerations of the generalised λ-deformations to semi-symmetric spaces. In this work we consider only classical integrability and understanding how this transfers to the quantum setting will be an important direction.
YB type models and Poisson-Lie T-duality
Before we begin let us set conventions that are used throughout. For a compact semisimple Lie group G corresponding to an algebra g, we parametrise a group element g ∈ G by local coordinates X µ , µ = 1, 2, . . . , dim(G). The right and left invariant Maurer-Cartan forms, as well as the orthogonal matrix (or adjoint action) relating them, are defined as 
YB-type deformations of Principal Chiral Models
The bi-invariant (isotropic) PCM for the group G is given by
in which Σ is the world sheet and t −1 is a dimensionless coupling, playing the rôle of tension measured in units of α ′ , that we shall need to keep track of in what follows.
The PCM is classically integrable and its equations of motion can be readily recast in a Lax pair formulation.
Given a solution R of the modified YB equation (1.1), the integrable YB deformation of this PCM is given by [6] 
where η is a real non-negative constant. When R is restricted to be on the complex branch (i.e. c 2 < 0 in (1.1)) then we use the terminology η-deformation to refer to this model but for the time being we keep R general. A two-parameter deformation, known as the bi-YB deformation, is given by [7, 20] 
where R g = ad g Rad g −1 = DRD T . Since both R and R g are antisymmetric, this action is invariant under the parity transformation 5) as well as the transformation
It is convenient to consider a general action
where E is an arbitrary constant matrix and E g = ad g Ead g −1 = DED T . This reduces to (3.3) when E = 1 and to (3.4) when E = 1 − ζR. By interchanging right-invariant
Maurer-Cartan forms with left ones using eq. (3.1), this action can be rewritten as
where
This rewriting of the action exposes an important property; it has a left acting PL symmetry [14, 15] . Although (3.8) is not invariant under the left action of G, the currents J a corresponding to this left action obey the modified conservation law 2
with no symmetry at the third index c. Algebraically, thef are the structure constants that arise from a second Lie-algebra g R defined by the bracket
Thus over the vector space of g we have two algebras, g and g R whose direct sum defines a Drinfeld double d = g ⊕ g R (see appendix A for details). One needs here to distinguish a little between the complex branch (c 2 < 0 in the mYB (1.1)) for which the Drinfeld double is the complexification d = g C = g ⊗ C of a real Lie-algebra g, and the real branch (c 2 > 0) in which case the double is given by d = g diag ⊕ p (further discussion of the construction of the Drinfeld double from the R-matrix can be found 2 The world-sheet coordinates (σ + , σ − ) and (τ, σ) are related by
in [18] and also chapter 4 of [22] ). 3 When a σ-model is invariant under some action of a group G then one can dualise the theory; when the group is Abelian, this is just T-duality and when the group is nonAbelian this leads to so-called non-Abelian T-duality. Although not invariant under left action of G, the PL symmetry of eq. (3.8) is such that there is still a generalised notion of T-duality that is applicable. This goes by the name of PL T-duality which is an equivalence between two σ-models 4
The matrix M was defined in (3.9) but can, for the purposes of dualisation, be an arbitrary constant matrix. 5 Here the algebras g andg, with generators T a andT a , form a Drinfeld double d = g ⊕g which is equipped with an inner product such that
with similar for the tilded quantities. In a following section, we study in detail the case of g = su(2), for a YB deformation on the complex branch where the relevant
As a final remark in this section we note that the bi-YB deformation is neither left nor right invariant under the action of G but instead is both left and right PL symmetric. We will however, in this work, only consider PL T-duality applied to the left PL symmetry. 3 Although it will not be discussed here, the utility of the classical branch (c 2 = 0) in describing integrable deformations was shown in [23] and the link to a wide class of known deformations including the gravitational duals of non-commutative Yang-Mills and Schrödinger deformations was elucidated in [24, 25] and [26, 27] . 4 To match the conventions of [28] :
and of [29] : M → −E −1 0 , t → −t . 5 Though, of course, for an arbitrary choice of M the theory is not expected to be integrable.
YB-type deformations of symmetric coset spaces
To introduce YB-type deformations on symmetric cosets, let us first take a small digression and consider the construction of general PL-type theories on cosets originally considered in the literature in [29, 38] and revisited in [42] . Here we follow the construction of [29] which turns out to be relevant for our purposes. Consider the general form of PL T-dual pairs given in eq. (3.13) which a priori describe the dynamics of dim G degrees of freedom. At certain special points in the moduli space of such theories, i.e. for particular choices of M, the theory may develop a gauge invariance under some subgroup H ⊂ G leaving a dynamical theory for just dim G/H coset degrees of freedom. Let us use the notation in which T i are generators of the sub-algebra h corresponding to the subgroup H and T α are the remaining generators of k = g − h. Points where one might expect to find an enhanced H gauge redundancy can be reached by taking a limit, understood be acting uniformly on all matrix elements,
(3.15)
In this limit one can see that the first of (3.13) becomes [29] S
Although the action only involves the left-invariant one-forms in the coset, it is still not a coset theory. This will be the case if it develops gauge invariance under the action of the subgroup. The condition on invariance is given in [29] as
Having understood this general construction one can now forget this limit procedure and simply look for dim G/H matrices that obey eq. (3.17) with which to build a coset theory. To do so we use as a starting point the matrix M corresponding to the bi-YB σ-model given in eq. (3.9) and define the dim G/H matrix M αβ entering into eq. (3.16) as the projection into the coset
Making use of the expressions for the dual structure constants in terms of the R-matrix given in eq. (3.11), the gauge invariance condition becomes
For ζ = 0 this implies that the projection of the R-bracket into the sub-algebra h must vanish 
in which, to make contact with formulations given elsewhere, we introduce the projector P 1 into the coset generators k of the algebra g = h + k so that M αβ = (P 1 MP T 1 ) αβ . The corresponding expression for the bi-YB case is given by 22) in which one needs to also impose eq. (3.20) . Being a natural extension to cosets of the bi-YB deformations it will be rather interesting to study the integrability properties of this theory. 6 This theory admits a PL T-dual and it seems likely to us that it can be related, in general, to certain 2-parameter integrable λ-deformations that will be constructed in section 5.2.2 via a such a duality plus analytic continuations -this will be illustrated with an example in the rank 1 case. We leave a more direct study of the theory defined by eq. (3.22) for the future. However at this stage it is worth studying the constraint of eq. (3.20) in more detail. It is certainly a stringent condition on the admissibility of the subgroup H ⊂ G given an R-matrix. It is rather trivial to see that this constraint can be solved in the simple rank 1 case but the existence of solutions for general G/H is less clear. 6 We that Benoît Vicedo for communications on this point.
The symmetric coset CP 2 = SU(3) U (2) provides an example in which eq. (3.20) is satisfied. 
General YB-type cosets
Following the procedure described above we can project the general "YB-type" of models, (3.7) or equivalently (3.8), on a general coset G/H. The end result of this procedure reads 23) whereas the gauge invariance condition reads
This condition is trivially satisfied in the YB case whereas for the bi-YB case, E =
Quantum aspects of the bi-YB model
The renormalisability of the general PL T-dual σ-models in (3.13) at one-loop was proved in [28] . In [30] it was demonstrated that the one-loop RG flow matches one obtains for the coupling matrices M ab from both of the dual theories are in fact equivalent which is physically sensible given the canonical equivalence of PL related σ-models [16, 17] . This can also be understood in terms of a first-order duality invariant type formalism [14] (c.f. the doubled formalism of abelian T-duality) from which the one-loop beta functions for the couplings contained in the matrix M ab of eq. (3.13) can be obtained [31] . Before specialising to the bi-YB case, we first present the general RG equations for the models of (3.13) which we shall do using the notation introduced in [30] . We define as well as their duals
Using these we construct where
The one-loop RG flows are
and 1
where ξ c ,ξ c are constants corresponding to field redefinitions (diffeomorphisms) and dot corresponds to derivatives with respect to the logarithmic energy scale. It was shown in [30] that the two systems (4.5) and (4.6) turn out to be equivalent. 7 We can now specialise these relations to the bi-YB deformation for which we have the corresponding M matrix
Making heavy use of the identities obeyed by R detailed in the appendix, see eqs. (A. 4) and (A.5), one finds that
8) 7 The diffeomorphism terms were not incorporated in the analysis of [30] in which we recall that c 2 is the parameter entering into the mYB equation. To ensure that the renormalisation of M stays within the truncation specified by eq. (4.7)
one requires a redefinition generated by ξ a = −ζ/η f abc R bc in (4.5). Upon plugging (4.8) into (4.5) and making further use of the identities (A.4) and (A.5) and the Jacobi identity, one then finds the system of one-loop RG equations for ζ, η and t given bẏ
t η and ζ/η = constants .
(4.9)
For the corresponding η-deformation we set ζ = 0 and again t η = constant. In this particular case and for c 2 = −1 the β-functions were derived in [32] . However, in that work the ratio t/η was found to be constant, a statement with which we disagree. In fact, it turns out to be rather important that it is the combination tη that is a RG invariant; under the Poisson-Lie plus analytic continuation that relates η-type deformations to λ-type we require that 4t η = ik −1 where k is quantised WZW level that should not run.
We elaborate briefly on the form of the solution of the β-function for the η-deformed theory (setting for the moment ζ = 0). When c 2 < 0 then it is evident that the energy scale is a bounded function of the coupling η, which implies that in this model the UV and the IR energy regimes cannot be reached. Consider for example c = i, then the RG flows (4.9), setting ζ = 0, can be easily integrated
where µ 0 is an integration constant. We note that the right hand side of (4.10) is bounded on the domain [0, π/2). η will thus diverge at some UV scale
and achieves its minimum value η → 0 at an IR scale µ 0 . One should be careful; thinking of the theory as a non-linear σ-model means we should only trust perturbative results (including the above β-functions) when the curvature radius of the target space is small compared to t η. However in the limits of η → 0 and η → ∞ this is no longer the case and perturbation theory breaks down. 8 In contrast, when c 2 > 0 8 For example consider the scalar curvature of the YB σ-model for su (2) (whose target space is just a squashed sphere):
(c 2 = 0) it is easy to see, via an analogue to the above integration, that in the UV η → 1 − (η → ∞) and η → 0 + at an IR scale µ 0 .
Generalised integrable λ-deformations
The purview of this section is to introduce a generalised notion of λ-deformations and to show for a particular case, which can be thought of as the λ-deformed YB σ-model, classical integrability is ensured through the existence of spectral dependent classical Lax pair.
Constructing the deformation
This subsection reviews the construction of λ-deformations by following the original literature [9] and also [21] . Compared to that work we have formulated the PCM and the WZW model in terms of the right invariant Maurer-Cartan forms so as to match the YB σ-models of the previous section.
We begin with PCM on the group manifold for an elementĝ ∈ G but generalised to incorporate an arbitrary, not-necessarily bi-invariant, constant matrixÊ ab ,
We also consider a WZW action for a group element g ∈ G defined by
where B is an extension such that ∂B = Σ and the normalisation is such that, with our conventions for the generators, k is an integer for SU(N). The approach of [9] was to consider the sum of the actions in (5.1) and (5.2) and to gauge a subgroup of the global symmetries that acts asĝ
This is achieved by introducing a connection A = A a T a valued in the algebra of G that and so the perturbative description in powers of t η breaks down as η → 0 and as η → ∞.
transforms as
We replace derivatives in the PCM with covariant derivatives defined as: Dĝ = dĝ −ĝA and replace the WZW with the G/G gauged WZW given by
The gauge symmetry can now be gauged fixed by settingĝ = 1 such that all that remains of the gauged PCM is a quadratic term in the gauge fields. The gauge fields, which are non-propagating, obey constraint type equations,
where we have introduce a generalised λ-deformation matrix,
Upon integrating out these gauge fields one finds the σ-model action [9] 
Although the equations of motion of g that arise from this action will be rather intricate it was shown in [21] that when written in terms of the gauge fields obeying (5.5) they take a simpler form
Note that unless λ = 1 these are not conditions for a flat connection.
To prove integrability we would like to rewrite these equations of motion as a Lax
where L ± = L ± (τ, σ; µ) depends on a spectral parameter µ ∈ C. For a general choice ofÊ ab one certainly would not expect this to be possible, thus posing an interesting question; for what choices ofÊ ab is this an integrable system?
As a warm up let us revisit the isotropic caseÊ = 1 t 1 which is known to be integrable [9, 13] (see also [10, 33] ). In this case λ = λ 0 1 and the equations of motion (5.8) reduce to
A Lax connection encoding these equations is given by
Generalisation to YB σ-models
The key idea in constructing integrable λ-deformations is to take two integrable theories (e.g. the bi-invariant (isotropic) PCM together with the WZW) and reduce half of the degrees of freedom in such a way that what is left remains integrable. In order to find other examples where the generalised λ-deformation is integrable, it is natural to consider as a starting point PCM's (5.1) that are known to be integrable and then apply the λ-deformation.
The group case
We recall that the integrable YB σ-model defined in (3.3) can be written as a PCM of the form in (5.1) for the choiceÊ 
where we have defined A ± = (1 ±η R) −1 A ± and
From this rewriting one can then see that the equations of motion can be written in terms of a Lax connection as
This result proves that for an arbitrary choice of group, in addition to the λ-deformation of the isotropic PCM, the λ-deformation of the YB σ-model is integrable. This provides a two-parameter family of deformations labelled byη and λ 0 . We will see later for the specific case of G = SU(2) that this two-parameter family can also be obtained as the PL T-dual combined with analytic continuation of the bi-YB deformation (on the complex branch). We conjecture that such a relation holds true in general.
The symmetric coset case
Let us now consider applying these ideas to symmetric cosets. Motivated by the integrability of the YB σ-model (3.21) on a symmetric space G/H, corresponding to a
Lie-algebra g = h + k, let us consider starting with the followinĝ
Here R is an anti-symmetric matrix of dimension dim G − dim H which one couldbut need not-think of as the R-matrix satisfying the mYB equation projected into the coset. With this choice ofÊ and assuming that the coset is a symmetric space, the equations of motion (5.8) simplify to
17)
where we defined
For consistency of the two forms of equations of motion for A ± , one finds that the projection of the R-bracket into the sub-algebra h must vanish From this rewriting one can see that the equations of motion can be written in terms of a classical Lax connection
Thus, there is a two-parameter family of integrable deformations labelled byη and λ 0 for an arbitrary symmetric coset.
For comparison we may note that theη = 0 limit returns to the known isotropic λ-deformation of a symmetric coset for which the Lax connection was given in [10] as
The SU(2) paradigm
In this section we examine the connection between the bi-YB η-deformations and the generalised λ-deformations considered in the preceding section. In [6, 18, 19] a PL T-duality transformation followed by an analytic continuation related the single parameter η-and λ-deformations. We expect that this also will be the case for multiparameter deformations. We explicitly demonstrate this in specific examples based on
SU(2) and SU(2)/U(1).
For η-deformations based on SU(2), the relevant Drinfeld double for performing PL T-duality is SU(2) ⊕ E 3 . In the appendix B we provide explicit details for the parameterisations of the group elements, for the matrix realisation of generators, for the left-invariant one-forms and for the group theoretic matrices Π andΠ that enter into the definitions of the PL T-dual pairs in (3.13).
The bi-YB on SU(2)
The SU(2) bi-YB σ-model was shown in [34] to be the Fateev model [35] and its RG flows can be read from (4.9) for c G = 4 and c 2 = −1. This can be shown to be in agreement with the result for the RG flow in [35] . 9 The target space geometry and anti-symmetric tensor of the bi-YB σ-model are given by [29] 
where the first line in ds 2 corresponds to the round three sphere and we work in the coordinates of appendix B.
The bi-YB σ-model is symmetric under both left and right PL actions and here we perform a PL T-duality with respect to the left action. This results into a dual σ-model 9 The map between the parameters (η, ζ, t) and those of Fateev (r, ℓ, u) (defined after eq. (76) of [35] ) is given by [34] but needs to be slightly amended to include an overall tension t needed for the renormalisability of the model:
whose target space geometry is 
in which we work in the coordinates for dual model defined in the appendix B. We have also introduced the constants
We now perform an analytic continuation, which was used in the case of an SU(2)/U(1)
This results in the following expressions
with dΩ 2 2 = dβ 2 + sin 2 β dϑ 2 and vol(S 2 ) = sin β dβ ∧ dϑ. We note that the field strength H 3 is real, but the gauge potential produced by this continuation includes an imaginary piece.
These σ-model background fields can be obtained via a generalised λ-deformation of the form,
with the group element entering into eq. (5.7) parametrised as
In this parametrisation one finds that in the ζ → 0 limit the known expressions for the λ-deformation of SU (2), see e.g. [9, 36] , are recovered.
The procedure of integrating out gauge fields in the derivation of the λ-deformation means that, when performed in a path integral, one should also complement the background fields with the dilaton factor 6) in which Φ 0 is simply a constant additive contribution. One can verify that although these background fields do not solve the three-dimensional bosonic truncation of the supergravity equations, the dilaton beta function drastically simplifies to
That such cancellations occur gives a strong hint that it may be possible to embed this two-parameter λ-deformation as a solution of supergravity along the lines of [36, 37] .
In these works the contribution to the dilaton beta-function is cancelled off against an opposite contribution that arises from performing the λ-deformation to a noncompact SL(2, R). It seems likely that such a solution can be embedded into tendimensional IIB supergravity by including a spectator CFT on a T 4 and generalising the symmetry considerations leading to the RR-sector of [36] .
We close this section with a rather appealing observation; the background fields of (6.3) which was obtain from the bi-YB deformation by PL T-duality plus analytic contribution can be thought of as the λ-deformation of an η-deformed σ-model as described in section 5.2.1. To be precise, making use of the definition
one finds that the PCM coupling matrixÊ corresponding to the λ-matrix (6.4) is of the YB σ-model formÊ
with
and where the R-matrix of SU (2) 
Study of the above RG-flow equations reveals that there is an arbitrary finite energy scale for which λ → 0. However, the matrix (6.4) does not tend to zero, so the conformal point is never reached.
In total we explicitly showed for the SU (2) case, that the bi-YB and λ-deformed YB σ-models are related with PL T-duality and analytic continuation with the parameters identified as follows:
The bi-YB on SU(2)/U(1)
We now turn to an example based on the symmetric space SU(2)/U (1) . The metric of the bi-YB (η, ζ)-deformed σ-model given in (3.22) reads
Here we have adopted the parametrisation of S 2 used in section 4 of [4] and indeed for ζ = 0 this coincides with the η-deformed S 2 i.e. eq.(4.2) of [4] . The σ-model given by eq.(6.13) is one-loop renormalisable and the corresponding RG flow equations, given in general in [39] [40] [41] , reaḋ
There are two invariants under the RG flow
The metric of eq. (6.13) has also appeared in the studies of PL T-dual coset models associated with S 2 [29, 38] . Defining a = 1/η and b = ζ/η, and changing to stereographic coordinates z = cot(θ/2) one finds eq. (6.13) results in exactly the metric of eq.(3.16) of [29] multiplied by an overall tension T = 1 4tη . Indeed, this system of RG flows along with its invariants were also in found [29] , as a consistent truncation of those for the PL T-dual σ-model on the Drinfeld double SU (2) ⊕ E 3 .
We may now perform a PL T-dualisation of eq. (6.13) using [29, 38] resulting in a dual metric given in eq. 3.18 of [29] multiplied by the overall tension T. Performing a field redefinition 10 and analytic continuation on coordinates and parameters
(6.16) 10 We change the variables of eq. 3.18 of [29] according to
results in the σ-model action
We now clarify an interesting point 11 . Prior to the PL T-dualisation, it turns out one can effectively set the parameter ζ = 0 in eq. (6.13) by a transformation that does not affect the global properties of the metric but simply rescales the overall coupling t.
One might at first think that the appearance of ζ is redundant, however, we shall now interpret the theory eq. 
(6.18)
As in [9] in order to recover a two-dimensional model we take the limit s 2 → 0. This will implement the truncation of the SU (2) This λ-deformed action has an interpretation in terms of the SU(2)/U(1) CFT deformed by a para-fermionic bilinear generalising the results of [9] . For small α and β the dominant term in (6.17) corresponds to the exact SU(2)/U(1) CFT
where we have performed the change of variables (6.20) . The full action (6.17) can be expressed in terms of this CFT and bilinears of para-fermionic operators defined by 
In an expansion of small α and β one sees that eq. (6.23) perturbs the exact CFT action (6.21) by para-fermionic bilinears which act as relevant operators since the parafermions have conformal dimension 1 − 1/k. In that respect the σ-model (6.23) is renormalisable at one-loop in 1/k witḣ
(6.24)
These RG equations imply in the UV that the parameters α, β, defined in (6.18), go to zero and the model flows to the WZW model.
Towards the IR the parameter λ 0 tends to unity and one has to perform a stretching of the coordinates in order to make sense of the geometry. This limit is also achieved by letting in (6.23) the following rescaling 25) followed by the limit k → ∞. As we can see the running of γ is irrelevant since it can be absorbed into a field redefinition of ϕ 1 . The end result of this limiting procedure is
which is the non-Abelian T-dual of the PCM on S 2 as expected on general grounds [9] .
Integrability
Since this λ-deformed theory falls in the class considered in sec. 5.2.2 we have already proven its integrability. However, we present in appendix C an explicit demonstration of its integrality in the hope that the reader may find, as we did, it to be illuminating.
A Properties of the R matrix
This appendix will be devoted to a brief summary of the modified classical YB equation and properties of the R matrix.
Consider a semisimple Lie group G, a Lie algebra g, and a matrix R (an endomorphism of g), assumed to be anti-symmetric with respect to the Killing form on g, which defines a bracket
A sufficient condition for (A.1) to satisfy the Jacobi identity is the modified classical
Note that R matrix can be rescaled and this results to three different distinct classes:
Expanding in an arbitrary basis we can write
and using that R ab = −R ba , we find explicitly
The f abc ,f abc are the structure constants of the usual and the R-bracket (A.1) respectively, satisfying the Jacobi identities 6) and identically satisfying the relation
The choice of matrix R in fact specifies a Drinfeld double
as f abc ,f abc satisfy their Jacobi identities (A.6) and the mixed one (A. 7) .
In what follows, we shall focus on c = i, referred to as the complex branch or the "non-split case". In this case the Drinfeld double is just the complexification d = g ⊕ g R = g C viewed as a Lie algebra. On g C we have an inner product
with respect to which g is a maximal isotropic and when R is anti-symmetric w.r.t.
(·, ·) so is g R . This Drinfeld double admits an Iwasawa decomposition 
B The su(2) ⊕ e 3 Drinfeld Double
We follow with small modifications the parametrisation of [29] and rederive the necessary for our purposes results.
We use a block diagonal matrix representation for generators of su(2) and e 3 given respectively by , g E 3 = (g + , g − ) .
Using this parameterisation one finds that the left-invariant one-forms for su (2) defined by L i = −i g −1 SU (2) dg SU (2) ,T i are given by
whilst those of e 3 defined byL i = −i g We will further define y 1 + iy 2 = re iϑ .
C Integrability of the generalised λ-deformed SU(2)/U(1)
The starting point of our proof are the equations of motion for A ± (5.8), where λ −1 is given in terms of (6.18) for s = 0
Plugging the latter in (5.8) and solving we find for the R-matrix given by the projection into the coset of the SU(2) R-matrix i.e. the top left 2×2 block of (6.10).
Specialising for λ 2 = 0, we find the Lax pair for an isotropic deformation [10] L
Since there is an equivalence at the level of equations of motion, this also shows the integrability of the model eq. 
